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Motivation

80 % of energy is produced from 
combustion of fossil fuels, and 

consequent production of 
Carbon Dioxide (𝐶𝑂#)

Annual cycle

Global average temperatures rise over the last 
130 years [Hansen, J., et al., Proc. Natl. Acad. 

Sci. (2006)]
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Carbon Sequestration

Carbon Capture and Storage (CCS) has been
identified as a possible solution to the 

greenhouse effect [Intergovernmental panel on 
Climate Change,  (IPCC) 2005] 

Iron fertilization of 
phytoplankton

Chemical
scrubbers

Injection
point
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3.4.3 Results

We analyse here the regimes reported in Fig. 3.11. We provide a qualitative
and a quantitative analysis of the flow features. Moreover, we draw some
conclusions for possible Reduced Order Model design.

Qualitative analysis A snapshot of the first simulation considered (Ra =
5⇥102) is reported in Fig. 3.11a). After an initial transition, the system un-
dergoes a steady state, when the Nusselt number is nearly constant. There-
fore, it can be well described by a 1st-order model, due the time-invariance
of the concentration field.

The second regime investigated (Ra = 2 ⇥ 103) is well approximated
using a reduced number of modes. Indeed, the boundary layer thickness
is quite large compared to the domain height, but secondary instabilities
arise. In Fig. 3.12, the instantaneous field approximations realized employ-
ing k = 5, 10 and 20 modes are reported in panels a), b) and c) respectively.
The corresponding isocontours are plotted on the right column of Fig. 3.12.
In this case, we observe that the description provided using 20 modes is
qualitatively accurate. However, important di↵erences in the secondary in-
stabilities are identifiable, especially in the nearby of the horizontal walls.

Finally, we consider the system with Ra = 16⇥ 103 and the flow config-
uration in this case completely changed with respect to previous regimes.
The boundary layer thickness decreases and a large number of modes is
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a) Ra = 5⇥ 102

b) Ra = 2⇥ 103

c) Ra = 16⇥ 103

Figure 3.11 – Main panel: Nusselt number Nu as a function of the Rayleigh num-
ber Ra in the isotropic case (� = 1). The scaling is linear for high-Ra, when
the megaplumes dominate the domain bulk. Insets a-c): the flow structure at low
(Ra = 5 ⇥ 102), intermediate (Ra = 2 ⇥ 103) and high (Ra = 16 ⇥ 103) Rayleigh
numbers is represented. Three distinct regimes are clearly visible, as discussed in
Sec. 3.3.
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We analyse here the regimes reported in Fig. 3.11. We provide a qualitative
and a quantitative analysis of the flow features. Moreover, we draw some
conclusions for possible Reduced Order Model design.

Qualitative analysis A snapshot of the first simulation considered (Ra =
5⇥102) is reported in Fig. 3.11a). After an initial transition, the system un-
dergoes a steady state, when the Nusselt number is nearly constant. There-
fore, it can be well described by a 1st-order model, due the time-invariance
of the concentration field.

The second regime investigated (Ra = 2 ⇥ 103) is well approximated
using a reduced number of modes. Indeed, the boundary layer thickness
is quite large compared to the domain height, but secondary instabilities
arise. In Fig. 3.12, the instantaneous field approximations realized employ-
ing k = 5, 10 and 20 modes are reported in panels a), b) and c) respectively.
The corresponding isocontours are plotted on the right column of Fig. 3.12.
In this case, we observe that the description provided using 20 modes is
qualitatively accurate. However, important di↵erences in the secondary in-
stabilities are identifiable, especially in the nearby of the horizontal walls.

Finally, we consider the system with Ra = 16⇥ 103 and the flow config-
uration in this case completely changed with respect to previous regimes.
The boundary layer thickness decreases and a large number of modes is
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Figure 3.11 – Main panel: Nusselt number Nu as a function of the Rayleigh num-
ber Ra in the isotropic case (� = 1). The scaling is linear for high-Ra, when
the megaplumes dominate the domain bulk. Insets a-c): the flow structure at low
(Ra = 5 ⇥ 102), intermediate (Ra = 2 ⇥ 103) and high (Ra = 16 ⇥ 103) Rayleigh
numbers is represented. Three distinct regimes are clearly visible, as discussed in
Sec. 3.3.
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Due to the above mentioned algorithms, the numerical scheme adopted has
a second order accuracy in time. The computational time step �t has been
chosen to fulfill the CFL condition and ranges between �t = 5 ⇥ 10�5

(Ra = 5⇥ 104 and � = 0.25) and �t = 2⇥ 10�3 (Ra = 2⇥ 103 and � = 1).
Transforming Eq. (3.48) in the wavenumber space, the concentration Ĉ

can be obtained by solving the second order Helmoltz equation:
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Further details on the numerical scheme and on the spatial discretization
adopted are reported in Appendix A.

The initial condition of the present simulations consists of a perturbed
linear concentration profile

C0(z) = C(0) +
⇥
C(1)� C(0)

⇤
z + ⇠ (3.51)

where C(0) and C(1) are the values of the concentration at the bottom
and top walls, whereas ⇠ is a random number with amplitude |⇠| < 2 ⇥
10�3|C(1)� C(0)|.

Following Wen et al. (2013), and considering that the horizontal scales
become thinner in high-Ra convection, we ran simulations on a domain
whose aspect ratio � = L/H was reduced from 2⇡ to ⇡/4 for increasing
Ra. The resulting domain was discretized in space using up to 8192⇥ 1025
nodes in the x and z directions for Ra = 5 ⇥ 104. We finally checked that
the steady state solution was independent of the spatial resolution (grid
independence) and of the aspect ratio �.

3.A.2 Nusselt number calculation

The Nusselt number Nu, which represents the non-dimensional flux of heat
or solute through the boundaries of a two-sided domain, is computed as

Nu(t) =
1
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Note that the Nusselt number, averaged in space over the horizontal di-
rection x, is a function of time. However, after an initial transient ti, the
simulation reaches a steady state condition (whose final instant is tf ), where
the Nusselt number fluctuates around an asymptotic value hNui evaluated
as

hNui = 1

tf � ti

Z t
f

t
i

Nu(t) dt . (3.53)
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Figure 4.1 – Sketch of the computational domain with explicit indication of the
boundary conditions (Eqs. (4.7)-(4.8)) employed. The contour map of the solute
concentration C at a given time instant t is also shown to provide a flow visualization
of the dynamics for the present physical configuration (injection of CO2 from the
upper boundary).
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with P = p + z(⇢⇤s/�⇢⇤ � 1) the reduced pressure. Boundary conditions
for the governing equations are as follows: the top wall is an impermeable
boundary characterized by a fixed solute concentration (mimicking the pres-
ence of a saturated solution near the top boundary), whereas the bottom
boundary is an impermeable boundary for both fluid and solute (i.e. no-
flux boundary). Periodicity is applied at the side boundaries (along x). In
dimensionless form, these boundary conditions become:

w = 0 , C = 1 for z = 0 , (4.7)

w = 0 ,
@C

@z
= 0 for z = �Ra . (4.8)

A sketch of the computational domain together with the indication of the
boundary conditions and a contour map of the concentration C at a given
time instant is shown in Fig. 4.1.

The main parameter of the simulation is the Rayleigh-Darcy number,
which is the ratio of di↵usive to convective time scales, defined as

Ra =
gH⇤kv�⇢⇤

µ�D
, (4.9)

where H⇤ represents the domain height. With the proposed scalings, Ra ap-
pears only in the boundary conditions (but not in the governing equations)
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Ĥ = �

✓
@2

@z2
� 1 + ��(k2x + k2y)

�

◆
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3Ŝn � Ŝn�1
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Methodology

Dimensional equations
Dimensional variables

𝑢∗, 𝑤∗ = fluid velocity
𝑥∗, 𝑧∗ = coordinates

𝑡∗ 	= time
𝑝∗= pressure

𝜇 = fluid viscosity
𝐷 = diffusivity

𝜌1∗ = CO2+brine density
Δρ = CO2+brine – brine
𝑎 =	eq. of state coeff.

𝑘6, 𝑘7 = permeabilities
Φ = porosity

3.2. Methodology 17

The present chapter is built as follows. In Sec. 3.2 we will describe the
governing equations and the boundary conditions adopted to run the present
numerical simulations. We will consider first the analysis of the two-sided
configuration: since in this configuration the flow reaches a steady state dy-
namic, time averages can be done and can help to identify the main convec-
tion mechanisms in a more convincing way if compared with the one-sided
configuration (Huppert and Neufeld, 2014). Also important, the dissolution
flux of solute in the one-sided cell can be directly computed from the two-
sided model (Hewitt et al., 2013a). In Sec. 3.3 we will discuss the role of the
anisotropic rock permeability on the vertical flux of solute. In particular,
we will show that, compared to the isotropic case, increasing the horizontal
rock permeability leads to a remarkably larger downward flux of solute. A
physical explanation of this result will be also given based on a detailed
examination of the flow topology. In Sec. 3.4 we will use proper orthogo-
nal decomposition to investigate the feasibility of reduced order models at
di↵erent regimes. In Sec. 3.5 we will use our previous results on the two-
sided configuration to introduce and discuss the dynamics of the one-sided
configuration. We generalize the shutdown model presented in literature
(Hewitt et al., 2013a), accounting for the influence of the anisotropic rock
permeability on the overall amount of solute dissolved in time. Finally, in
Sec. 3.6 we will draw conclusions on possible implications of our results on
long-term CO2 storage.

3.2 Methodology

We consider a fluid-saturated porous medium in a two dimensional do-
main, assuming a uniform porosity � and considering di↵erent values of
the vertical (kv) to horizontal (kh) permeability ratio 0.25  �  1. The
value of � < 1 is chosen to be representative of real geological applications
(Ennis-King et al., 2005), i.e. � < 1. The unstable density stratification
(characterized by a top-to-bottom density di↵erence �⇢⇤) drives the solute
in a downward flow which is incompressible and governed by the Darcy’s
law. In a two dimensional domain, being u⇤ and w⇤ the velocities along the
horizontal (x⇤) and the vertical direction (z⇤) respectively, and with p⇤ and
C⇤ the pressure and solute concentration, the balance equations are:

µ

kh
u⇤ = �@p⇤

@x⇤ ,
µ

kv
w⇤ = �@p⇤

@z⇤
� ⇢⇤g (3.1)
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@w⇤

@z⇤
= 0 (3.2)

where µ is the fluid viscosity and g the acceleration due to gravity. The
superscript ⇤ denotes dimensional variables. For the range of Rayleigh num-
bers considered in the present study, the Oberbeck-Boussinesq hypothesis

18 3. Influence of anisotropic permeability

can be applied.1 As a consequence, we assume that the fluid density ⇢⇤

is the only solute-dependent property, which can be evaluated in terms of
the concentration of solute C⇤ into the mixture using the linear equation of
state:

⇢⇤ = ⇢⇤s
⇥
1� a(C⇤

s � C⇤)
⇤
, (3.3)

where a is a positive constant coe�cient while C⇤
s and ⇢⇤s are the concen-

tration field and the density value at the top boundary.
Neglecting the e↵ects of dispersion, and indicating with D the solute

di↵usivity, the concentration fulfills the time-dependent advection-di↵usion
equation:
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We assume impenetrable boundaries kept at a fixed solute concentration
(mimicking the presence of a saturated solution near the top boundary and
of pure fluid near the bottom boundary):

w⇤ = 0 , C⇤ = 0 on z⇤ = 0 , (3.5)

w⇤ = 0 , C⇤ = C⇤
s on z⇤ = H⇤ , (3.6)

whereas periodicity is applied along the horizontal direction x⇤.

3.2.1 Dimensionless equations

A relevant velocity scale for the flow is the free-fall buoyancy velocity,
W ⇤ = gkv�⇢⇤/µ. To account for the e↵ect of anisotropy, we use di↵erent
velocity/length scales in the vertical and horizontal directions (through the
introduction of the scaling factor

p
�). In particular, we set:

x =
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p
�
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, u =

u⇤

W ⇤/
p
�

, w =
w⇤

W ⇤ (3.7)

p =
p⇤

µW ⇤H⇤/kv
, C =

C⇤ � C⇤
s

C⇤
s

, t =
t⇤
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The governing parameter of the problem is the Rayleigh-Darcy number:

Ra = RaT ·Da =
gH⇤kv�⇢⇤

µ�D
, (3.9)

defined based on the thermal Rayleigh number (RaT = g�⇢⇤H⇤3/µD) and
on the Darcy number (Da = kv/H⇤2). The Rayleigh-Darcy number can

1Landman and Schotting (2007) shown that the Oberbeck-Boussinesq approximation
approximation is valid if Ra /(�⇢⇤/⇢⇤

s

), which is widely verified in the present work.
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Figure 4.1 – Sketch of the computational domain with explicit indication of the
boundary conditions (Eqs. (4.7)-(4.8)) employed. The contour map of the solute
concentration C at a given time instant t is also shown to provide a flow visualization
of the dynamics for the present physical configuration (injection of CO2 from the
upper boundary).
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with P = p + z(⇢⇤s/�⇢⇤ � 1) the reduced pressure. Boundary conditions
for the governing equations are as follows: the top wall is an impermeable
boundary characterized by a fixed solute concentration (mimicking the pres-
ence of a saturated solution near the top boundary), whereas the bottom
boundary is an impermeable boundary for both fluid and solute (i.e. no-
flux boundary). Periodicity is applied at the side boundaries (along x). In
dimensionless form, these boundary conditions become:

w = 0 , C = 1 for z = 0 , (4.7)

w = 0 ,
@C
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= 0 for z = �Ra . (4.8)

A sketch of the computational domain together with the indication of the
boundary conditions and a contour map of the concentration C at a given
time instant is shown in Fig. 4.1.

The main parameter of the simulation is the Rayleigh-Darcy number,
which is the ratio of di↵usive to convective time scales, defined as

Ra =
gH⇤kv�⇢⇤

µ�D
, (4.9)

where H⇤ represents the domain height. With the proposed scalings, Ra ap-
pears only in the boundary conditions (but not in the governing equations)
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(Hewitt et al., 2013a), accounting for the influence of the anisotropic rock
permeability on the overall amount of solute dissolved in time. Finally, in
Sec. 3.6 we will draw conclusions on possible implications of our results on
long-term CO2 storage.

3.2 Methodology

We consider a fluid-saturated porous medium in a two dimensional do-
main, assuming a uniform porosity � and considering di↵erent values of
the vertical (kv) to horizontal (kh) permeability ratio 0.25  �  1. The
value of � < 1 is chosen to be representative of real geological applications
(Ennis-King et al., 2005), i.e. � < 1. The unstable density stratification
(characterized by a top-to-bottom density di↵erence �⇢⇤) drives the solute
in a downward flow which is incompressible and governed by the Darcy’s
law. In a two dimensional domain, being u⇤ and w⇤ the velocities along the
horizontal (x⇤) and the vertical direction (z⇤) respectively, and with p⇤ and
C⇤ the pressure and solute concentration, the balance equations are:

µ

kh
u⇤ = �@p⇤

@x⇤ ,
µ

kv
w⇤ = �@p⇤

@z⇤
� ⇢⇤g (3.1)

@u⇤

@x⇤ +
@w⇤

@z⇤
= 0 (3.2)

where µ is the fluid viscosity and g the acceleration due to gravity. The
superscript ⇤ denotes dimensional variables. For the range of Rayleigh num-
bers considered in the present study, the Oberbeck-Boussinesq hypothesis
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Figure A.1 – Schematic representation of the domain in an exemplar three-
dimensional configuration. Panel a) The grid results uniform in the periodic directions
(x, y), whereas it is non-uniform along the wall-normal direction (z), due to the Cheby-
shev discretization adopted. Panel b) One-dimensional domain decomposition used to
distribute the computational load among the task. First FFT is performed (horizontal
slices), then Chebyshev transform is calculated (vertical slabs). In this example, the
computation is shared among four processes.

Finally, performing the transformations of Eqs. (A.1) and (A.5), the
spectral representation of the time-dependent signal g(x, y, z, t) defined in
the three-dimensional space reads:

g(x, y, z, t) =

N
x

/2X

n
x

=N
x1

N
y

/2X

n
y

=N
y1

N 0
zX

n
z

=0

ĥ(kx, ky, nz, t)Tn,z(z)e
j(k

x

x+k
y

y) . (A.9)

Due to the presence of products taken into the physical space (non-linear
convective term), the computational algorithm requires the introduction

1D domain decomposition

MPI paradigm
FFTW3 libraries (𝑥, 𝑦 directions)

Chebyshev polynomials (𝑧 direction)
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for extremely long times (t⇤ ! 1), the amount of dissolved CO2, which
is independent of �, is roughly 3 ⇥ 102 kg/m2. This represents indeed a
theoretical estimate of the overall storage capability of the reservoir.

3.A Appendix

In this section we report some details on the numerical methodology em-
ployed in the present study.

3.A.1 Numerical approach

We used a pseudo-spectral method, which transforms field variables in the
wavenumber space through a Discrete Fourier Transform in the horizon-
tal direction and a Chebyshev expansion in the wall-normal direction (see
Appendix A). Equations (3.10)-(3.12) are rewritten in vectorial form as:

u = �rP + kC , (3.42)

r · u = 0 , (3.43)

DC

Dt
=

1

Ra

✓
�r2

HC +
@2C

@z2

◆
, (3.44)

with k the unit vector in the vertical direction and r2
H = @2/@x2+@2/@y2.

Taking twice the curl of Eq. (3.42) and using Eq. (3.43) it is possible to
compute the wall-normal velocity ŵ by solving a second order Helmoltz
equation in the wavenumber space (kx, ky):


@2

@z2
� �

k2x + k2y
��
ŵ = ��

k2x + k2y
�
C . (3.45)

Once ŵ is available, û and v̂ can be determined as:

û = i
kx

k2x + k2y

@ŵ

@z
, (3.46)

v̂ = i
ky

k2x + k2y

@ŵ

@z
. (3.47)

Equation (3.44) is then discretized in time using an Adams-Bashforth ex-
plicit method for the non linear term S = u · rC and a Crank-Nicholson
implicit method for the di↵usive term:

Ĉn+1 � Ĉn

�t
=

3

2
Ŝn � 1

2
Ŝn�1 +

1

2Ra

✓
�r2

H +
@2

@z2

◆
(Ĉn+1 � Ĉn) . (3.48)

44 3. Influence of anisotropic permeability

for extremely long times (t⇤ ! 1), the amount of dissolved CO2, which
is independent of �, is roughly 3 ⇥ 102 kg/m2. This represents indeed a
theoretical estimate of the overall storage capability of the reservoir.

3.A Appendix

In this section we report some details on the numerical methodology em-
ployed in the present study.

3.A.1 Numerical approach

We used a pseudo-spectral method, which transforms field variables in the
wavenumber space through a Discrete Fourier Transform in the horizon-
tal direction and a Chebyshev expansion in the wall-normal direction (see
Appendix A). Equations (3.10)-(3.12) are rewritten in vectorial form as:

u = �rP + kC , (3.42)

r · u = 0 , (3.43)

DC

Dt
=

1

Ra

✓
�r2

HC +
@2C

@z2

◆
, (3.44)

with k the unit vector in the vertical direction and r2
H = @2/@x2+@2/@y2.

Taking twice the curl of Eq. (3.42) and using Eq. (3.43) it is possible to
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(Ĉn+1 � Ĉn) . (3.48)

44 3. Influence of anisotropic permeability

for extremely long times (t⇤ ! 1), the amount of dissolved CO2, which
is independent of �, is roughly 3 ⇥ 102 kg/m2. This represents indeed a
theoretical estimate of the overall storage capability of the reservoir.

3.A Appendix

In this section we report some details on the numerical methodology em-
ployed in the present study.

3.A.1 Numerical approach

We used a pseudo-spectral method, which transforms field variables in the
wavenumber space through a Discrete Fourier Transform in the horizon-
tal direction and a Chebyshev expansion in the wall-normal direction (see
Appendix A). Equations (3.10)-(3.12) are rewritten in vectorial form as:

u = �rP + kC , (3.42)

r · u = 0 , (3.43)

DC

Dt
=

1

Ra

✓
�r2

HC +
@2C

@z2

◆
, (3.44)

with k the unit vector in the vertical direction and r2
H = @2/@x2+@2/@y2.

Taking twice the curl of Eq. (3.42) and using Eq. (3.43) it is possible to
compute the wall-normal velocity ŵ by solving a second order Helmoltz
equation in the wavenumber space (kx, ky):


@2

@z2
� �

k2x + k2y
��
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Ĉn+1 � Ĉn
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Adams-Bashforth
(explicit) term

Crank-Nicolson
(implicit)
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also be seen as the ratio of di↵usive and convective time scales (but also
as an inverse di↵usivity (Hewitt et al., 2013b) or as the dimensionless layer
thickness (Slim, 2014). In dimensionless form, Eqs. (3.1), (3.2) and (3.4)
become:

u = �@P

@x
, w = �@P

@z
� C (3.10)

@u

@x
+

@w

@z
= 0 (3.11)

@C

@t
+ u

@C

@x
+ w

@C

@z
=

1

Ra

✓
�
@2C

@x2
+

@2C

@z2

◆
(3.12)

where P = p + z/(aC⇤
s ) is the reduced pressure. The e↵ect of anisotropy

(�) is explicit only in Eq. (3.12) but it is also present in the other equations
through the reference length/velocity scales defined above. The dimension-
less boundary conditions result:

w = 0 , C = �1 on z = 0 (3.13)

w = 0 , C = 0 on z = 1 . (3.14)

Equations (3.10)-(3.12) are solved by a Fourier-Chebyshev pseudo-spectral
method. Further details on the numerical approach can be found in Ap-
pendix A and in Sec. 3.A.1.

In the present study, � < 1 is obtained by increasing the horizontal
permeability kh while keeping kv constant (i.e. keeping the same Ra). By
doing so, we can compare simulations at the same Ra (i.e. same driving
force or same domain height), but di↵erent � (i.e. di↵erent porous medium).
We perform a systematic study of solutal convection in anisotropic porous
media in the Ra parameter space covering a broad range of Ra numbers
(50  Ra  5⇥ 104), while assuming 0.25  �  1.00.

3.3 Results

In this section, we describe the results obtained from numerical simulations
of the two-sided configuration with anisotropic rock permeability (�  1).
In fact, we start our analysis considering the dynamics of the flow for � = 1
(isotropic rock permeability). The dynamics of the present system depends
on the value of the Rayleigh-Darcy number. For Ra  4⇡2 di↵usion domi-
nates and convection is prevented (Horton and Rogers Jr, 1945; Lapwood,
1948). For 4⇡2 < Ra < 1300 the flow exhibits large and steady non-linear
rolls, with the onset of a secondary instability as Ra approaches the value
Ra ' 1300. This dynamics has been extensively analysed in previous works
(Graham and Steen, 1994; Otero et al., 2004) and will not be discussed
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@ŵ

@z
, (3.46)

v̂ = i
ky

k2x + k2y

@ŵ
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Equation (3.44) is then discretized in time using an Adams-Bashforth ex-
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implicit method for the di↵usive term:
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High-order methods in space
Pseudo-spectral code (Fourier + Chebyshev)
Chebyshev-Tau method

Secondo order accuracy in time
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@C/@z = 0 , w = 0

Figure 4.1 – Sketch of the computational domain with explicit indication of the
boundary conditions (Eqs. (4.7)-(4.8)) employed. The contour map of the solute
concentration C at a given time instant t is also shown to provide a flow visualization
of the dynamics for the present physical configuration (injection of CO2 from the
upper boundary).

@u

@x
+

@w

@z
= 0, (4.5)

@C

@t
+ u

@C

@x
+ w

@C

@z
= �

@2C

@x2
+

@2C

@z2
, (4.6)

with P = p + z(⇢⇤s/�⇢⇤ � 1) the reduced pressure. Boundary conditions
for the governing equations are as follows: the top wall is an impermeable
boundary characterized by a fixed solute concentration (mimicking the pres-
ence of a saturated solution near the top boundary), whereas the bottom
boundary is an impermeable boundary for both fluid and solute (i.e. no-
flux boundary). Periodicity is applied at the side boundaries (along x). In
dimensionless form, these boundary conditions become:

w = 0 , C = 1 for z = 0 , (4.7)

w = 0 ,
@C

@z
= 0 for z = �Ra . (4.8)

A sketch of the computational domain together with the indication of the
boundary conditions and a contour map of the concentration C at a given
time instant is shown in Fig. 4.1.

The main parameter of the simulation is the Rayleigh-Darcy number,
which is the ratio of di↵usive to convective time scales, defined as

Ra =
gH⇤kv�⇢⇤

µ�D
, (4.9)

where H⇤ represents the domain height. With the proposed scalings, Ra ap-
pears only in the boundary conditions (but not in the governing equations)

48 4. Modelling convection regimes from onset to shutdown

Therefore, the problem of CO2-brine convection (solutal convection) de-
scribed above shares some similarities with the classical thermal convection
system (in a porous medium) characterized by two impermeable walls with
prescribed temperature (Rayleigh-Bénard convection). However, it does dis-
play a fundamental di↵erence. Classical Rayleigh-Bénard convection sup-
ports the existence of a statistically steady state, whose dynamics depends
only on the value of the Rayleigh-Darcy number (Ra) (Otero et al., 2004;
Hewitt et al., 2012; De Paoli et al., 2016). Solutal convection has instead
a dynamics that is time-dependent and is characterized by a sequence of
di↵erent regimes changing in time. The dynamics develops from the upper
boundary, and the size of the system (or, in other words, the Rayleigh-
Darcy number Ra) is not influential until flow structures reach the opposite
boundary. After this stage, the system starts depending on Ra. A com-
prehensive description of the above mentioned solutal convection in porous
medium has been recently proposed by Slim (2014). Through the use of
accurate numerical simulations, Slim (2014) extended previous experimen-
tal (Neufeld et al., 2010; Backhaus et al., 2011) and numerical (Pau et al.,
2010; Hewitt et al., 2013a; Hidalgo et al., 2012) results found in literature
and was finally able to provide a unified picture of the entire dynamics for
solute convection in an isotropic porous medium.

However, one important aspect for geological CO2 sequestration is rock
anisotropy. Sedimentary rocks, which are composed by the subsequent accu-
mulation of horizontal layers, are characterized by an horizontal permeabil-
ity, kh, that is larger compared to the vertical one, kv. Hence the vertical-
to-horizontal permeability ratio, � = kv/kh, is typically � < 1. Despite
this fact, a larger proportion of the studies in this field consider the case
of an isotropic porous medium (� = 1). There are only few works that
focus on solutal convection in an anisotropic porous slab (see Cheng et al.
(2012); Green and Ennis-King (2014) among the others). However, these
studies were usually performed at lower Ra (Ra < 104) and considered only
the initial transient dynamics of the flow (they did not provide a detailed
description of the entire dissolution process dynamics). Our aim here is to
fill this gap by performing numerical simulations at large Ra and � < 1 to
provide for the first time a unifying picture of solute dynamics in realistic
geological reservoirs.

The present chapter is organized as follows: in Sec. 4.2 the physical and
numerical setup will be presented and discussed. In Sec. 4.3 we will present
the main results obtained from our simulations. We will characterize the
entire solute dynamics, from the initial stages dominated by di↵usion, up
to the final shutdown stage. We will also provide parametrizations and
suitable correlations for each stage of the solute dynamics. In Sec. 4.4,
we will use our numerical results to develop a simple phenomenological
model that provides a good estimate of the time required by the solute
to fill the reservoir (shutdown time). In Sec. 4.5, we will implement in a
large-scale model the e↵ect on anisotropy, in order to identify the e↵ects of

Permeability ratio interpretation
9
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Within this framework, the solution of Eq. (4.6) yields:

C(z, t) = 1 + erf

✓
zp
4t

◆
, (4.12)

with the dimensionless solute flux being

F (t) =
1

L

Z L

0

@C

@z

����
z=0

dx =
1p
⇡t

, (4.13)

where L is dimensionless domain width. The corresponding amount of solute
dissolved in time, G(t), is given by the integral of the solute flux F (t),

G(t) =

Z t

0

F (⌧)d⌧ =
2
p
tp
⇡
. (4.14)

The profiles of F (t) and G(t) obtained from the present computations are
shown in the two panels of Fig. 4.3 for Ra = 2⇥ 104 and di↵erent values of
� (symbols in Fig. 4.3). The dashed line in Fig. 4.3 indicates the analytical
prediction given by Eq. (4.13). We first consider Fig. 4.3a. For t < 103, we
observe that the behaviour of F (t) is independent of � and follows nicely the
theoretical predictions. Later in time, at t = ton (onset time of convection),
convection is triggered and the profile of F (t) departs from the theoretical
prediction of a pure di↵usive flow. In literature, there are di↵erent expres-
sions to find the value of ton as a function of � (Green and Ennis-King,
2014), essentially because ton depends on the initial conditions prescribed
in the simulations. To predict the value of ton, we follow the expression of
Cheng et al. (2012):

ton = 47.9�0.79 . (4.15)

In the present cases, we obtain ton = 47.9 (� = 1), ton = 38 (� = 3/4) and
ton = 27 (� = 1/2). The departure of F (t) from the purely di↵usive profile
for t > ton is barely visible at the beginning. Well beyond ton, at time
t = td, di↵usion is balanced by convection and the dissolution flux reaches a
minimum. We further remark here that there is a large di↵erence between
ton and td (td is on average two orders of magnitude larger than ton). The
decrease of � (i.e. the increase of the horizontal permeability) reduces the
value of td (and also of ton), indicating that convection is triggered early
when � < 1. In particular, we found td ' 2.2⇥ 103 (� = 1), td ' 1.6⇥ 103

(� = 3/4) and td ' 1.1 ⇥ 103 (� = 1/2). Just after td, the dissolution
flux increases sharply. For this reason td is sometimes taken as a practical
measure of the onset time of convection. From a phenomenological point of
view, after td viscous fingers become visible and start transporting e�ciently
dense solute away from the boundary, so to increase the dissolution flux.
Fingers are at first characterized by negligible lateral movements (see also
the regular and parallel footprint of fingers during the flux growth regime
in Fig. 4.2). Later, fingers increase their length and strength and start

82 6. Rayleigh-Taylor convection: miscible fluids

@u

@x
+

@w

@z
= 0 , (6.8)

with P = p+z(⇢⇤s/�⇢⇤�1) the reduced pressure, whereas the concentration
is governed by the following equation:

@C

@t
+ u

@C

@x
+ w

@C

@z
=

1

Ra0

✓
@2C

@x2
+

@2C

@z2

◆
, (6.9)

where the main parameter of the simulation appears, i.e. the final (or global)
Rayleigh-Darcy number, defined as

Ra0 =
g�⇢⇤kH⇤

µ�D
, (6.10)

which expresses an inverse di↵usivity (De Paoli et al., 2016) or a dimension-
less layer thickness (De Paoli et al., 2017).

Another key parameters is the mixing length h⇤. It represents the dis-
tance occurring between the rear and the tip of the fingers, the peculiar
structures that dominate the convective phenomena in porous media flows.
Few strategies have been adopted in literature to define this parameter,
based on local properties (De Wit, 2004), i.e. threshold value, or global
properties (Cabot and Cook, 2006), i.e. integral quantities. According to
De Wit (2004), we choose to identify the mixing zone, whose dimensionless
extension is h, as the portion of the domain where " < C(z, t) < 1� ", with
" = 10�2 and being C(z, t) the horizontally-averaged concentration profile,
defined as:

C(z, t) =
1

L

Z L

0

C(x, z, t)dx . (6.11)

We wish to remark that it is useful to define an instantaneous (also called
e↵ective or current) Rayleigh-Darcy number, Ra, defined on the mixing
length h⇤ rather than on the domain height H⇤, which will be extensively
discussed in Sec. 6.3.

Boundary conditions for the governing equations are as follows: top and
bottom boundaries are impermeable for both fluid and solute (i.e. no-flux
boundary). In dimensionless form, these boundary conditions become:

w = 0 ,
@C

@z
= 0 on z = 0, 1 . (6.12)

Periodicity is applied at the side boundaries (along x).
A sketch of the computational domain, together with a contour map

of the concentration field at a given time instant t̃ and the indication of
the boundary conditions, is shown in Fig. 6.1a. In Fig. 6.1b, the boundary
conditions and the interpretation of the mixing length have been reported.
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Figure 4.6 – Theoretical shutdown time t2/Ra is plotted as a function of the per-
meability ratio �. Expression given by Eq. (4.25) (solid line, �) and approximated
solution (symbols, �) are shown. The approximate solution

�
31�0.68 � 8.3

�
well fits

the analytical expression for � > 1/20.

from the constant flux regime to the shutdown regime. During this tran-
sition, the assumption of having a well-mixed concentration profile used to
derive the model (De Paoli et al., 2016) is not fulfilled. This is apparent in
Fig. 4.7, where the solute concentration in the domain is explicitly shown
at di↵erent times (from P1 to P4). The distribution of C is definitely not
uniform for P1, P2 and P3 (hence the concentration profile is not uniform,
i.e. solute is not well-mixed), whereas it becomes more homogeneous for
P4 (solute is well-mixed). In an e↵ort of obtaining a more precise estimate
of the time at which the shutdown regime starts (t2), we should model the
time evolution of the concentration profile during the transition between the
constant flux regime and the shutdown regime. From the results of our nu-
merical simulations (Fig. 4.8a), we observe that the horizontally-averaged
concentration profile at a certain time instant t during the constant flux
regime, C(z, t) = 1/L

R
L
C(x, z, t)dx, exhibits an almost linear variation

along the vertical coordinate z (see the solid line in Fig. 4.8a). Therefore,
C(z, t) can be expressed as

C(z, t) = �C1(t)

z1(t)
[z � z1(t)], (4.26)

with, z1  z  0 for any t. The linear prediction of C(z, t) given by
Eq. (4.26) is also shown in Fig. 4.8a (dashed line, - -) together with the
numerical results. To determine the value of the two constants of the model
(C1 and z1, which in general do depend on time), we use the following con-
straints. At the beginning (t = 0) the domain is solute-free (fully-saturated
with pure brine). At t > 0, CO2 is injected from the top boundary. There-
fore, the amount of solute dissolved from time t > 0 up to time t is equal
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to the amount of solute contained in the volume V at time t:
Z t

0

✓Z

L

@C(x, z, ⌧)

@z

����
z=0

dx

◆
d⌧ =

Z

V

C(x, z, t)dV . (4.27)

Eq. (4.27) can be integrated using Eq. (4.26) (to express C(x, z, t)) and
Eq. (4.17) (to express @C(x, z, ⌧)/@z) to give:

C1(t)z1(t) = �0.034��1/2t . (4.28)

From our numerical simulations, we observe that C1(t) (that is the position
at which the concentration starts showing a linear dependence on z, see
Fig. 4.8a) is almost constant with time, regardless of the value of �. In
particular, we found 0.21 < C1 < 0.26 for 1/2  �  1. This information
on C1 can be used, together with Eq. (4.28) to obtain the value of z1, which
can be seen as the position of the wavefront of a falling solutal wave (or
as the averaged tip position of falling plumes). Therefore the wavefront
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Within this framework, the solution of Eq. (4.6) yields:

C(z, t) = 1 + erf

✓
zp
4t

◆
, (4.12)

with the dimensionless solute flux being

F (t) =
1

L

Z L

0

@C

@z

����
z=0

dx =
1p
⇡t

, (4.13)

where L is dimensionless domain width. The corresponding amount of solute
dissolved in time, G(t), is given by the integral of the solute flux F (t),

G(t) =

Z t

0

F (⌧)d⌧ =
2
p
tp
⇡
. (4.14)

The profiles of F (t) and G(t) obtained from the present computations are
shown in the two panels of Fig. 4.3 for Ra = 2⇥ 104 and di↵erent values of
� (symbols in Fig. 4.3). The dashed line in Fig. 4.3 indicates the analytical
prediction given by Eq. (4.13). We first consider Fig. 4.3a. For t < 103, we
observe that the behaviour of F (t) is independent of � and follows nicely the
theoretical predictions. Later in time, at t = ton (onset time of convection),
convection is triggered and the profile of F (t) departs from the theoretical
prediction of a pure di↵usive flow. In literature, there are di↵erent expres-
sions to find the value of ton as a function of � (Green and Ennis-King,
2014), essentially because ton depends on the initial conditions prescribed
in the simulations. To predict the value of ton, we follow the expression of
Cheng et al. (2012):

ton = 47.9�0.79 . (4.15)

In the present cases, we obtain ton = 47.9 (� = 1), ton = 38 (� = 3/4) and
ton = 27 (� = 1/2). The departure of F (t) from the purely di↵usive profile
for t > ton is barely visible at the beginning. Well beyond ton, at time
t = td, di↵usion is balanced by convection and the dissolution flux reaches a
minimum. We further remark here that there is a large di↵erence between
ton and td (td is on average two orders of magnitude larger than ton). The
decrease of � (i.e. the increase of the horizontal permeability) reduces the
value of td (and also of ton), indicating that convection is triggered early
when � < 1. In particular, we found td ' 2.2⇥ 103 (� = 1), td ' 1.6⇥ 103

(� = 3/4) and td ' 1.1 ⇥ 103 (� = 1/2). Just after td, the dissolution
flux increases sharply. For this reason td is sometimes taken as a practical
measure of the onset time of convection. From a phenomenological point of
view, after td viscous fingers become visible and start transporting e�ciently
dense solute away from the boundary, so to increase the dissolution flux.
Fingers are at first characterized by negligible lateral movements (see also
the regular, and parallel, footprint of fingers during the flux growth regime
in Fig. 4.2). Later, fingers increase their length and strength and start
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can be seen as the position of the wavefront of a falling solutal wave (or as
the averaged tip position of falling plumes). Therefore the wavefront moves
downward at a constant speed @z1/@t = w = �0.034��1/2/C1. For � = 1,
C1 = 0.21 and the w = �0.16, in fair agreement with the results obtained
by Slim (2014) (C1 = 0.27 and w = �0.13). Note that the constant speed
of the solutal wavefront, which is a consequence of the linear behaviour
adopted in the model, is also supported by the present numerical results.
To demonstrate this, in Fig. 4.8b, we plot the dynamic behaviour of z1
obtained from simulations (symbols, � � �), together with the theoretical
behaviour (dashed line, ��) obtained for a constant velocity profile (i.e.
a linear variation of z1 with t) is also shown for comparison. Although
some discrepancies between numerical and analytical results are present,
the agreement is satisfactory and demonstrates the reliability of the model.

After the plumes reach the bottom boundary, the solute concentration C
increases from the bottom to the top. During this stage, the concentration
profile C(z, t) has a bilinear shape (see Fig. 4.8c). When the solute wavefront
reaches the bottom (t = tb), we have

C(z, tb) =
z + Ra

Ra
C1 . (4.29)

For t > tb, after an initial redistribution phase during which C fluctuates
at the bottom boundary, we can assume that the solute wavefront bounces
back and moves upwards with the same average velocity of the falling phase,

Solute conservation equation
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For t > tb, after an initial redistribution phase during which C fluctuates
at the bottom boundary, we can assume that the solute wavefront bounces
back and moves upwards with the same average velocity of the falling phase,
w, but opposite sign. We also assume that the concentration at the bottom
boundary is fixed and equal to C1 (this is in fair agreement with the results
of the simulations, see the solid line in Fig. 4.7c). From this assumptions,
we find that the position of the kink of the concentration profile (z2(t) in
Fig. 4.7c) moves upward from z2 = �Ra until z2 = 0 as

z2(t) = �Ra �w[t� (1 + ⌘)tb]. (4.30)

Note that ⌘ is a parameter accounting for the redistribution phase of solute
after the first impact of the wavefront on the bottom boundary. For � = 1,
3/4, and 1/2, the parameter ⌘ results to be 0.4, 0.3 and 0.2 respectively. This
reflects the physical intuition that the smaller is � (larger kh, i.e. smaller
horizontal resistance to the flow) the shorter the redistribution phase. Using
the bilinear model, we are able to predict the shutdown time t2 (i.e. the
time the solute wavefront takes to reach the bottom boundary and back to
the top one):

t2 =
(2 + ⌘)Ra

|w| =
(2 + ⌘)C1

0.017
Ra . (4.31)

For the isotropic case (� = 1), we have t2 ' 14.5Ra, in fair agreement with
literature results (Hewitt et al., 2013a; Slim, 2014) (15÷ 16⇥ Ra).

We finally note that the shutdown time predicted by Eq. (4.31) reduces
for reducing �. This is also supported by the present numerical results (see
the di↵erent times at which the profile start decreasing in Fig. 4.4).

4.5 Application to large-scale dynamics

As discussed in Sec. 4.1 and in Chap. 1, several trapping mechanisms, acting
on di↵erent space and time scales, are involved in the CO2 storage process.
MacMinn et al. (2012) investigated the e↵ect of convective dissolution on
the spreading of buoyant CO2 in homogeneous and isotropic porous media.
In particular, with the aid of experiments and numerical simulations, they
investigated the dynamics of buoyant CO2 in groundwater aquifers, in order
to predict the lifetime of such a current. In this Section, we will draw some
possible scenarios of CO2 spreading in anisotropic porous medium, using
the model presented from MacMinn et al. (2012). We make a compari-
son between the evolution of buoyant currents in isotropic and anisotropic
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Figure 4.5 – a) Time behaviour of the solute dissolution flux F(t) for Ra = 2⇥ 104

and � = 1 (���) during the shutdown regime (and including also a small part of the
constant flux regime, t < 4 ⇥ 105). The theoretical prediction given by the model of
De Paoli et al. (2016) is also shown (dashed line, ��). The amount of solute dissolved
in time, G(t) is shown in the inset for � = 1. b) Time behaviour of the normalized
amount of solute (G(�)�G(1))/G(1) dissolved for � = 1/2 and � = 3/4.

the long term limit (t > 20⇥ 105) the solute dissolved depends only on the
available volume but not on � (i.e., limt!1 [G(�)/G(1)� 1] = 0).

From the discussion presented above, it is apparent that most of the
solute dissolution occurs during the constant flux and the shutdown regime
(they cover a large proportion of the dynamics, t > 2⇥104). For this reason,
deriving simple and reliable models of these two regimes based on accurate
small-scales simulations is crucial for the development of numerical tools for
the prediction of the solute dynamics in realistic applications (large scale
reservoirs with non-isotropic permeability). This will be accomplished in
the next section.

4.4 Model definition

In the previous sections we have revisited the available models found in
literature (Hewitt et al., 2013a; Slim, 2014; Green and Ennis-King, 2014;
De Paoli et al., 2016) to descibe the solute dissolution in geological reser-
voirs having non-isotropic rock permeability. To summarize our previous
observations,

F (t) =

8
><

>:

1/
p
⇡t , 0  t < t1

0.017��1/2 , t1  t < t2

4↵�n/
�
1 + 4↵�nt/Ra

�2
, t2  t < +1

(4.20)

where t1 and t2 represent the time at which the constant flux and the
shutdown regime start, respectively. Although the expression of F (t) is well
defined for the di↵erent regimes, the time instants at which the di↵erent
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profile C(z, t) has a bilinear shape (see Fig. 4.7c). When the solute wavefront
reaches the bottom (t = tb), we have

C(z, tb) =
z + Ra

Ra
C1 . (4.29)

For t > tb, after an initial redistribution phase during which C fluctuates
at the bottom boundary, we can assume that the solute wavefront bounces
back and moves upwards with the same average velocity of the falling phase,
w, but opposite sign. We also assume that the concentration at the bottom
boundary is fixed and equal to C1 (this is in fair agreement with the results
of the simulations, see the solid line in Fig. 4.7c). From this assumptions,
we find that the position of the kink of the concentration profile (z2(t) in
Fig. 4.7c) moves upward from z2 = �Ra until z2 = 0 as

z2(t) = �Ra �w[t� (1 + ⌘)tb]. (4.30)

Note that ⌘ is a parameter accounting for the redistribution phase of solute
after the first impact of the wavefront on the bottom boundary. For � = 1,
3/4, and 1/2, the parameter ⌘ results to be 0.4, 0.3 and 0.2 respectively. This
reflects the physical intuition that the smaller is � (larger kh, i.e. smaller
horizontal resistance to the flow) the shorter the redistribution phase. Using
the bilinear model, we are able to predict the shutdown time t2 (i.e. the
time the solute wavefront takes to reach the bottom boundary and back to
the top one):

t2 =
(2 + ⌘)Ra

|w| =
(2 + ⌘)C1

0.017
Ra . (4.31)

For the isotropic case (� = 1), we have t2 ' 14.5Ra, in fair agreement with
literature results (Hewitt et al., 2013a; Slim, 2014) (15÷ 16⇥ Ra).

We finally note that the shutdown time predicted by Eq. (4.31) reduces
for reducing �. This is also supported by the present numerical results (see
the di↵erent times at which the profile start decreasing in Fig. 4.4).

4.5 Application to large-scale dynamics

As discussed in Sec. 4.1 and in Chap. 1, several trapping mechanisms, acting
on di↵erent space and time scales, are involved in the CO2 storage process.
MacMinn et al. (2012) investigated the e↵ect of convective dissolution on
the spreading of buoyant CO2 in homogeneous and isotropic porous media.
In particular, with the aid of experiments and numerical simulations, they
investigated the dynamics of buoyant CO2 in groundwater aquifers, in order
to predict the lifetime of such a current. In this Section, we will draw some
possible scenarios of CO2 spreading in anisotropic porous medium, using
the model presented from MacMinn et al. (2012). We make a compari-
son between the evolution of buoyant currents in isotropic and anisotropic
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the spreading of buoyant CO2 in homogeneous and isotropic porous media.
In particular, with the aid of experiments and numerical simulations, they
investigated the dynamics of buoyant CO2 in groundwater aquifers, in order
to predict the lifetime of such a current. In this Section, we will draw some
possible scenarios of CO2 spreading in anisotropic porous medium, using
the model presented from MacMinn et al. (2012). We make a compari-
son between the evolution of buoyant currents in isotropic and anisotropic
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profile C(z, t) has a bilinear shape (see Fig. 4.7c). When the solute wavefront
reaches the bottom (t = tb), we have

C(z, tb) =
z + Ra

Ra
C1 . (4.29)

For t > tb, after an initial redistribution phase during which C fluctuates
at the bottom boundary, we can assume that the solute wavefront bounces
back and moves upwards with the same average velocity of the falling phase,
w, but opposite sign. We also assume that the concentration at the bottom
boundary is fixed and equal to C1 (this is in fair agreement with the results
of the simulations, see the solid line in Fig. 4.7c). From this assumptions,
we find that the position of the kink of the concentration profile (z2(t) in
Fig. 4.7c) moves upward from z2 = �Ra until z2 = 0 as

z2(t) = �Ra �w[t� (1 + ⌘)tb]. (4.30)

Note that ⌘ is a parameter accounting for the redistribution phase of solute
after the first impact of the wavefront on the bottom boundary. For � = 1,
3/4, and 1/2, the parameter ⌘ results to be 0.4, 0.3 and 0.2 respectively. This
reflects the physical intuition that the smaller is � (larger kh, i.e. smaller
horizontal resistance to the flow) the shorter the redistribution phase. Using
the bilinear model, we are able to predict the shutdown time t2 (i.e. the
time the solute wavefront takes to reach the bottom boundary and back to
the top one):

t2 =
(2 + ⌘)Ra

|w| =
(2 + ⌘)C1

0.017
Ra . (4.31)

For the isotropic case (� = 1), we have t2 ' 14.5Ra, in fair agreement with
literature results (Hewitt et al., 2013a; Slim, 2014) (15÷ 16⇥ Ra).

We finally note that the shutdown time predicted by Eq. (4.31) reduces
for reducing �. This is also supported by the present numerical results (see
the di↵erent times at which the profile start decreasing in Fig. 4.4).

4.5 Application to large-scale dynamics

As discussed in Sec. 4.1 and in Chap. 1, several trapping mechanisms, acting
on di↵erent space and time scales, are involved in the CO2 storage process.
MacMinn et al. (2012) investigated the e↵ect of convective dissolution on
the spreading of buoyant CO2 in homogeneous and isotropic porous media.
In particular, with the aid of experiments and numerical simulations, they
investigated the dynamics of buoyant CO2 in groundwater aquifers, in order
to predict the lifetime of such a current. In this Section, we will draw some
possible scenarios of CO2 spreading in anisotropic porous medium, using
the model presented from MacMinn et al. (2012). We make a compari-
son between the evolution of buoyant currents in isotropic and anisotropic
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According to the Nusselt number definition adopted for the one-sided do-
main (see Appendix 3.A), we finally obtain the evolution in time of the
solute concentration:

d#(t)

dt
=

Nu(t)

Ra0
|#(t)| . (3.34)

To resolve Eq. (3.34) we need an estimate for Nu(t) in case of anisotropic
porous media. This is accomplished here using our previous predictions
(correlation (3.15)) with the modified Rayleigh number Ra = 4Ra0 (to
switch from the one-sided to the two-sided cell).

By imposing the initial condition #(t0 = 0) = �1, we obtain the dynamic
behaviour of the mean concentration profile:

#(t) =
�

4Ra0 �n↵


1�

✓
1 +

�

4Ra0 �n↵

◆
exp

✓
�

Ra0
t

◆��1

. (3.35)

Upon definition of " = �/(4Ra0 �n↵), we have

#(t) = "
h
1� �

1 + "
�
exp

�
4↵�n"t

�i�1

. (3.36)

In the limit of large Ra, " ! 0 and we finally get the following expression for
the dynamic behaviour of the mean concentration profile and of the vertical
flux as a function of the permeability ratio �:

#(�, t) ⇡ �1

1 + 4↵�nt
, (3.37)

F (�, t) ⇡ 4↵�n Ra0h
1 + 4↵�nt

i2 . (3.38)

Note that, for Ra = 104, the di↵erence between the prediction given by
Eq. (3.36) and by Eq. (3.37) is always below 1% of the maximum value of
#(t), which makes the approximation " ! 0 reasonable for solute convection
in real-scale reservoirs.

The behaviour of F (�, t) for the di↵erent values of � considered in this
study is shown in Fig. 3.16a. At the beginning, F (�, t) is larger for smaller
�, indicating that the vertical flux of solute increases for decreasing �. At
later stages, we observe a crossover between the di↵erent curves occurring
at t = t̃. By matching the value of F (�, t) for two di↵erent values of �
(here indicated by �1 and �2) we obtain the value of the crossover time
t̃ = (�1�2)�n/2/4↵, which falls in the range t̃ = [30; 35] and is only slightly
sensitive to the value of �.

From the knowledge of the instantaneous solute flux F (�, t) we can ex-
plicitly compute, for a given �, the total amount of solute F(�, t) dissolved
in the entire domain during the shutdown regime:

F(�, t) =
4↵�nt

1 + 4↵�nt
Ra0 . (3.39)
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profile C(z, t) has a bilinear shape (see Fig. 4.7c). When the solute wavefront
reaches the bottom (t = tb), we have

C(z, tb) =
z + Ra

Ra
C1 . (4.29)

For t > tb, after an initial redistribution phase during which C fluctuates
at the bottom boundary, we can assume that the solute wavefront bounces
back and moves upwards with the same average velocity of the falling phase,
w, but opposite sign. We also assume that the concentration at the bottom
boundary is fixed and equal to C1 (this is in fair agreement with the results
of the simulations, see the solid line in Fig. 4.7c). From this assumptions,
we find that the position of the kink of the concentration profile (z2(t) in
Fig. 4.7c) moves upward from z2 = �Ra until z2 = 0 as

z2(t) = �Ra �w[t� (1 + ⌘)tb]. (4.30)

Note that ⌘ is a parameter accounting for the redistribution phase of solute
after the first impact of the wavefront on the bottom boundary. For � = 1,
3/4, and 1/2, the parameter ⌘ results to be 0.4, 0.3 and 0.2 respectively. This
reflects the physical intuition that the smaller is � (larger kh, i.e. smaller
horizontal resistance to the flow) the shorter the redistribution phase. Using
the bilinear model, we are able to predict the shutdown time t2 (i.e. the
time the solute wavefront takes to reach the bottom boundary and back to
the top one):

t2 =
(2 + ⌘)Ra

|w| =
(2 + ⌘)C1

0.017
Ra . (4.31)

For the isotropic case (� = 1), we have t2 ' 14.5Ra, in fair agreement with
literature results (Hewitt et al., 2013a; Slim, 2014) (15÷ 16⇥ Ra).

We finally note that the shutdown time predicted by Eq. (4.31) reduces
for reducing �. This is also supported by the present numerical results (see
the di↵erent times at which the profile start decreasing in Fig. 4.4).

4.5 Application to large-scale dynamics

As discussed in Sec. 4.1 and in Chap. 1, several trapping mechanisms, acting
on di↵erent space and time scales, are involved in the CO2 storage process.
MacMinn et al. (2012) investigated the e↵ect of convective dissolution on
the spreading of buoyant CO2 in homogeneous and isotropic porous media.
In particular, with the aid of experiments and numerical simulations, they
investigated the dynamics of buoyant CO2 in groundwater aquifers, in order
to predict the lifetime of such a current. In this Section, we will draw some
possible scenarios of CO2 spreading in anisotropic porous medium, using
the model presented from MacMinn et al. (2012). We make a compari-
son between the evolution of buoyant currents in isotropic and anisotropic

Role of HPC

o Investigate possible dissolution scenarios in geological reservoirs

o Explore the evolution of injected CO2 for long times (𝑡	~	10h y)
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